Abstract. Let S be a compact simply connected set in the plane. Let K(n) denote the generalized convex kernel of S of order n, bd S the boundary of S, E(0, S) the set of 0-extreme points of S, and for x E S, let K(n, x) denote the nth order convex kernel of x in S. It is known that K(n) = O {K(n, x)\x e bd 5} and in certain cases, it is known that K(\) = D {K(\, x)\x e £(0, S)}. The main result of this paper extends the above mentioned results for certain sets. It is shown that K(n) = (~) [K(n, x)\x £ f(0, S)} for certain compact simply connected sets S in the plane. In the process of obtaining this result, a characterization of the boundary is also obtained.
1. Introduction. Let S be a compact set in E2. A point p in S is called a 0-extreme point of 5 if and only if it is not interior to a segment in S. The set of 0-extreme points of 5 will be denoted by £(0, 5). A point q in S is called an extreme point of S if and only if it is not interior to a segment with endpoints in S. For x in S, let K(n, x) denote the set of points that can be joined to x by some polygonal /c-path in S, where k < n. The generalized convex kernel K(ri) is defined by K(ri) = {jc|5 c K(n, x)}.
In a paper by Kenelly, Hare, Evans and Ludescher [2] , a result was proved which in E2 is as follows: let S be a compact set in E2 such that A"(l) ^ 0, then K(\) = H {K(l, x)\x E £(0, S)}.
In a paper by Bruckner and Bruckner [1] , the following was proved: let S be a compact simply-connected set in E2, then K(n) = f){K(n, x)\x E bdS).
The main concern of this paper is to sharpen the second result and to provide a generalization of the first (for certain sets). It will be proved that if S is a compact Jordan set in E2, then K(n) = (~) [K(n, x)\x E E(0, S)}.
There are numerous examples to show that this result cannot be refined further by taking the intersection over the set of extreme points of S. One such example follows.
Example. Let J be the closed polygonal path whose vertices (in order) are as follows: (-3, -3), (-3, 3) , (3, 3) , (3, -3) , (1, -3), (2, 0), (-2, 0) and Presented to the Society, August 27, 1970 under the title On zero-extreme points and the generalized convex kernel; received by the editors September 3, 1974 and, in revised form, July (-1, -3). Then y is a closed Jordan curve. Let S be the set consisting of J along with its interior, then 5 is a compact simply-connected set. Label the vertices xx through x%, successively. Then the set of extreme points of S is Ext(S) = {*,, x2, x3, x4}. Let y = (-3, -1), then y E f) {AT(2, x)\x E Ext(S)}. However,^ G K{2) since >> G A'(2, x5).
2. Preliminaries. Throughout this paper, all sets will be in E2. Ii A is a set, then A will denote its closure, bd A its boundary, Ac its complement, and int A its interior. If B is a set, then A -B will denote the complement of B relative to A. For points p and q, [p, q] will denote the closed segment with endpoints p and q, (p, q) the corresponding open segment, and Lip, q) the line determined by p and q.
Definition. A compact set S is said to be simply-connected if and only if Sc is connected.
It is most important to keep in mind that if J is a closed Jordan curve in the simply-connected set S, then the interior of J is contained in S, where the interior of J is in the sense of the Jordan Curve Theorem.
Definition. The set S is said to be an Ln set if Kin, x) = S for every x G S; i.e., K(n) = S. Proof. Let 5 be a compact Jordan set with boundary J and interior D. Suppose z G J and z is not a point of local convexity of Sc.
Let e > 0 and let e* satisfy the inequality 0 < e* < e. Then the e*-neighborhood of z, A/(e*; z), has the property that Nit*; z) n Sc is not convex. Thus, there existpx,p2 G A/(e*; z) n Sc such that [px,p2] Z. V(e*; z) n Sc. Figures 1 and 2.) Let Liqx, q2) denote the line determined by qx and q2. Now Dx is an open, nonempty set and Dx is compact. Hence, there exists a line H such that:
1. H is parallel to L(qx, q2) but 77 =t L(qx, q2);
2.77 n 1,^0; 3. H n £>,= h n Ly Figure 2 Since Dx is compact and H is closed, it follows that H n Dx is compact. Hence, H n Lx is compact. Since // n Lx is a nonempty compact subset of the line H, its components consist of closed segments and/or singleton sets. If {y} is a component of H n Lx, then clearly y E E(0, S). If [>>i,.y2] is a component of H n £1; then clearly v".y2 E £(0, 5). Thus, (H n £1) fl £(0, S) ¥= 0. Now, Dx c W (e*; z) implies that Dx c W(e; z). Thus (H n £>,) C N(e; z) and hence (# n £,) C /V(e; z). It now follows that N(e; z) n £(0, S) ¥= 0. Since e > 0 was arbitrary, it follows that z E £(0, S).
Definition. Let S be a compact Jordan set. A Jordan arc L is said to be a concave arc of S tí:
(i) LcbdS, by Pn u £" are also in S. Thus, if either Pn n [p*,y] or Pn n [y, q*\ were empty, then [p*, q*] could be extended, thus contradicting its maximality.) Letting px E P" n [p*,y] and qx E Pn n [ v, q*], it follows that px, qx E K(n, x) and v E [/>,, qx]. From [4] , we know that [px, qx] c K(n, x) and thus y E K(n, x). Since y was arbitrary in £ -{a, b), it is clear that £ -[a, b) C K(n, x). Since a, b E K(n, x), it now follows that £ c K(n, x). Theorem 4. Let S be a compact Jordan set. Then K(n) = fl {Kin, x)\x E EiO, S)}.
Proof. Since £(0, S) C bd S, it follows that Pi {Kin, x)\x EbdS) C n [Kin, x)\x E £(0, S)}.
From [1] , we know that K{n) = fl [K(n, x)\x E bd S}. Thus, it is clear that K(n) c fl {Kin, x)\x E E(0, S)}. To prove the desired equality, we need only show the reverse containment.
Thus, suppose z G fl {Kin, x)\x G £(0, S)). Then EjO, S) C Kin, z).
From [1] , we know that Kin, z) is compact. Hence, £(0, S)c K{n, z). By Theorems 2 and 3, it follows that $(5) c K(n, z). Since bd S = 4>(S) u £(0, S), it is clear that bd S c K(n, z). Hence, z G K(n,y) for every y E bd S and therefore z G C\{K(n,y)\y Ebd S). Thus, z G K(n). Hence, the reverse containment has been verified and thus the desired equality has been proved.
